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Derivation of the variance-covariance matrix of the model residuals

Base case

On a logarithmic scale, the Gompertz model defined in eq. 1 can be written as
_ 2
InN,, =InN,,, -0.56" -, +u,,,

where €., = In Nl. P anl. (1 - Now, since In Nl. - = InK. , + €,, > we can write eq. Al as

i,t—1

In N,= In K., - 0.56” + &Y, tu,
=InkK,,, —0.50"+(1-yk,,_, +u,

and because we assume that In K, changes deterministically at a rate 7, we can write

t
InK,, ,=InkK, + r(t - 1),
for #2 1. Substituting eq. A3 into eq. A2 and using the fact that €, , = (1 — ’Y)El i T U, we obtain
InN,, =InK,, —-r-0.56" +rt+¢,,,

where €, = (1 - ’Y)SLH +u; . Equation A4 is equivalent to eq. 2.

Now we can derive the correlation structure of the residuals, €, ,, for this model. First,

Var(g,, )= Var(1-v),, , +u,,)
=(1-vy) Var(el.,t_1 )+ Var(u,.,, )

and, since Var(e,.’t )= Var(el.’,fl ), then

Var(u. )
Vv )=Vt
ar(el,t) 1 _ (1 _ Y)Z
and so
02
Var(g,, )= =)

where 62 = Var(ul. ; ) Second,
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COV(SH,S ) COV(I Y)gzt 1+u1t’( Y)gjs 1 s)
(1 Y)Szz 1> Y)Sjs 1)+COV(( ’Y)ei,r—lﬂuj,s)
+COV( y)@s 1)+C0V( U, u )
( )COV(”], ]sl) ( - )COV(ftfl’uj,s)

+=v)Covlu, e, )+ Covlu,u,,)

and, since COV(E,‘I [,8 ) COV({;‘l.J_l,Ej’S_l), then

Covlg,,,€;.
(1 1—(1—'Y)2

When ¢ > s, then

(1 - ’Y)COV(Ei,t—l U s )
(1_Y)COV( Jos— 12U zt):

Cov( U, u ]S):

(1-y)~p"o’

and so, from eq. AG

Cov(e g )

it>

When ¢ < s, then

(1- Y)Cov(ei,t—l’ U ): 0

(1-y)Covle,, 1, )=(1-y) Ip" o2
Cov(u u, ) 0

i,t2
and so, from eq. AG

|t—s| d

) =1 "pe”
1-(-y)y

€

i,t>j,8

Cov (3

When ¢ = s then

( 'Y)COV(HU js):()
( Y)COV(JM’ lt) 0

Cov(u u; ) p" o’

i,t°
and so, from eq. 6

|t—s| d,-', 2

Cov(al.,,,ej’s)=(1_y> P 26.
1-(1-v)

In general, therefore

) (1-y)Covle, _,u,, )+ (1-y)Covle, . u,, )+ Covlu, .u,

)

(A6)



_ t—s| d;i; 2
Cov(ei,t,ej,s): (1 Yy P_° (A7)

1-(-yy
and
_ t—s| d,-_j
Corr(git,e.s):w—pz. (A8)
T 1=(-y)

If we sampled S subpopulations, each at 7 points in time, with no observation error, then, based on eq. A5 and eq. A7,

the variance-covariance matrix of the residuals, €, is

Pl,l Pl,Z PlS
oo| P P o Pl o)
PS 1 PS,Z PS N
where
ot (1-vp™o*  (-y)p"0>
1-(1-y) 1-(1-y) 1-(1—y)
(1-yp*o’ p'io’ (1-v)"p" 0’
Pzl 10—y ==y 1=(-y)
(-9 oo (-9’ phe’
1-(1-y)’ ==y -0y

Here, each sub-matrix, P, ;, represents the correlation structure among the residuals for surveyed subpopulations 7 and j

among points in time.

Observation error

If we now introduce normally distributed observation errors, with variance, Gibs, then, on a logarithmic scale, the
observed abundances are

InN,, =InN,, —0.562, +v,,

where v,, is a normally distributed random variable with mean zero and variance Gibs. Hence, from eq. A4

InN,, =InkK,, —r-0.56" —0.502, +71t +¢,, +v,,. (A10)



Which is equivalent to the model in eq. A4, but with an intercept equal to ani 0o —F— 0.56" — 0'50(2)b and

S

residuals equal to €, , +V, ;. If we set 81.’[ =g, tVv,,, then Var(Sl.J ) = Var(sl.’, )+ Var(vi’,) and, because the

it’

V, are independent Cov (8 ) Therefore, the variance-covariance matrix for the residuals,

it ’Sj,s ) = COV(Si,t ’Sj,s
Si,t , of the model with observation errors is
P, P, P s
® - P, P, .. Py ’ ALD
P, P, P s
where, when 7=
B pdi,jcz .\ 02 (1 _ Y)pdi,jcz (1 _ ,YjT—l‘pdiijZ ]
T ) =
- . _2 -
(-yp™c®  pc . (=9 "
Pl -0y 1=y " 1-(1-vy
(-9 et (=) e pte
> > - T +0,,,
| 1-(-7) 1-(1-7) 1=(1-7) |
and, when i #f
oo’ (-yp*o®  (=1)p"c’
1=(1=v) 1=(1=v) 1-(1-y)
(1 _ ,Y)pdi,,f G2 pdi,,f G2 (l _ ’Y)lT_Z‘ pdi,,f G2
Pzl 10—y -0y 7 10y
(-7)p"e (-9)phet  pic’
1=(-yy ==y ==y

Variation in temporal trends among sub-populations

Now consider the case where each sub-population has a different deterministic trend, 7;, and that these trends are

2

normally distributed with mean 7 and variance G, ;-

We will now ignore observation errors, but the extension to

include observation errors is straightforward following the rationale described above. With variation in the trend

among sub-populations, the model described in eq. A4 becomes

InN,, =InK,, —(r+mn,)-0.56" +(r+mn, - 0.50,,,, +€,,»



where N; is a normally distributed random variable with mean 0 and variance G, ,. We can then write this model

as

InN,, =InkK,, -r—0.56" -0.50,

trend

+ri+ o,
where ©,, = (t—1)n, +¢,,.

Following this, the variance of the residuals, 0, , is
Var(w,, )= (r—1) Var(n,)+ Var(e,, ).

When 7 = j the covariance among residuals, ®,, and (Dj et

COV((,OI.J NOF ): (t—1)s-1)var(n, )+ Cov(ei,t € )
= (t - 1)(S - I)Gtzrend + COV(Ei,t > Sj,s )

When 7 # j, the covariance among residuals, w,,

and ®; s
Cov(u)i’, O ) = Cov(e o€ )

because COV(T]I.,T]J.)Z 0, COV(ﬂi,Sj,s)Z 0 and COV(T]]‘,SI.J)Z 0.

(A15)

Therefore, the variance-covariance matrix of the residuals when there is variation among sub-population trends is

P1,1 PI,Z Pl,s
P2’1 Pz,z Pz,S

D= , (A10)
PS,] PS,2 PS,S
where, when 7 =
[ po’ (1-vp* o’ (1-y)""p"s |
1=(1-v) 1-0-v) | 1=(1-y)
_ i o2 i o2 _ T-2 ij 2
P = w p462+6t2rend (1 ’Y) p 2 ° + (T_I)Gtzrend
& 1-(1-7) 1-(1-7) 1-(1-7)
oVl b2 (] )T e o % 52
(1 Y) p 2 ° (1 Y) p 2 ° + (T - I)Gfrend p ° 2 + ((T - 1)2 Gtzrend)
1-(1-7) 1-(1-v) 1-(1-v) |

and, when i #




p'’o’ (1-yp"’c’ (1-)""p" 0" |
1=(1-y) 1=(1-y) 1=(1-y)
. o =) o
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1=(1=v) 1-(1=v) 1-(1=v)
Matlab code

The two Matlab .m files embedded below contain the functions ‘getsurveyo’ and ‘getsurveyv’. The function
. , . . . . . L ,
getsurveyo’ returns the variance-covariance matrix for a survey with observation error. The function ‘getsurveyv

returns the variance-covariance matrix for a survey with variation in trends among sub-populations.

Download

Joetsurveyo.mp


http://www.oikos.ekol.lu.se/appendixdown/E6370_getsurveyo.m
http://www.oikos.ekol.lu.se/appendixdown/E6370_getsurveyv.m

